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Digital Signal Processing

Lecture 2

Phase & Time-Shift
Complex Exponentials

READING ASSIGNMENTS

 This Lecture:
— Chapter 2, Sects. 2-3 to 2-5

Appendix A: Complex Numbers
Appendix B: MATLAB

Next Lecture: finish Chap. 2,
— Section 2-6 to end

LECTURE OBJECTIVES

« Define Sinusoid Formula from a plot
* Relate TIME-SHIFT to PHASE
Introduce an ABSTRACTION:

Complex Numbers represent Sinusoids
Complex Exponential Signal

2(t) = Xel“

SINUSOIDAL SIGNAL

Acos@t + @)
* FREQUENCY
— Radians/sec
— or, Hertz (cycles/sec) * AMPLITUDE
— Magnitud
G = (272)f agnitude
* PERIOD (in sec)
« PHASE ¢
2n

T:izi
f w

FPLOTTING COSINE SIGNAL trom the
FORMULA

5cos(0.37t + 1.2n)

» Determine period:

IT=2n/a =2n/03n=20/3]

» Determine aeaklocation by solving

(at+¢)=0

* Peak att=-4




ANSWER for the PLOT

5co0s(0.372t +1.2n7)

» Use T=20/3 and the peak location at t=-4

Sinusoidal Waveform

TIME-SHIFT

* In a mathematical formula we can replace
with t-t .

X(t—-t,) = Acos@(t —t))

* Then thet=0 point moves td=t,,

» Peak value ofos(t-t,)) is now ati=t

TIME-SHIFTED SINUSOID

[X(t +4) =5cos(0.37(t + 4)) = 5c0s0.37(t - (-4))|

Sinusoidal Waveform /

PHASE <--> TIME-SHIFT

» Equate the formulas:

4 7 Acos(t —t,,)) = Acost + @)
2 ] « and we obtain: -ty = ¢
: ‘ \U
o ¢ ° + TI:11e(set:s)Cl : ! e *on t = —ﬁ
" w
TIME-SHIFT

* Whenever a signal can be expressed in the
form x,(t)=s(t-t,), we say thax,(t) is time
shifted version o§(t)

— If t; is a+ number, then the shift is to the right, and
we say that the signg(t) has beemlelayed in time.

— If t;, is a- number, then the shift is to the left, and
we say that the signg(t) wasadvanced in time.

* Measurdime of a peak:}

» Measureheight of positive peal&

SINUSOID from a PLOT

Measurethe period, T

— Between peaks or zero crossings

— Computerequencyw = 21T

— Computephase:@= -wt,,




(A, w, @ from a PLOT

AW
\/ L\ \/

o

— 00lsec — _1 =21 = 21n —
T= Tperiod — 100| "> Ia' =T To01— 200’7'

[t,, =-0.0012%ed = |4 = -at,, = ~(2007)(t,) = 02571]
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SINE DRILL (MATLAB GUI)

YOUR GUESS
adiz fo-fs00 | I
Period=2ms
New Quiz e

0.5 cos ( 27500t + 0.257 )

/
=
-4 -3 -2 -1 0 il 2
Time (sec) x10°
Sine drill

PHASE is AMBIGUOUS

» The cosine signal is periodic
— Period is &
Acos(t + ¢ +27) = Acos(t + )|
— Thus adding any multiple off2eavesx(t)
unchanged

fty=50, then )

_ —(p¥2m)"_ ¢ _om _+ _
tn = =t T

COMPLEX NUMBERS

» Tosolve: 2=-1

- Z=]
— Math and Physics use 2 =

» Complex number; z = X jry

Y z Cartesian
coordinate

system

PLOT COMPLEX NUMBERS

: +j5

o Imaginary Axis

-
Real Axis  x

4-j3

COMPLEX ADDITION =
VECTOR Addition

y
~ 2 +j5 -
) DISPLACED
2 VERSION of 7
kS 1
% 4 2= 6+j2
E
. |B=at2
Real Axis :(4_j3)+(2+j5)
g =(4+2)+j(-3+5H
2 =473 =6+j2




+ | Complex Number Dperations Drill
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Complex drill
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*+* POLAR FORM ***

e Vector Form

—Length =1
—Angle=6
« Common Values \J.Coy
~Lhasangleod .
“j has angle of 015

-1 has angle oft

—j has angle of 15

also, angle ofj could be-0.5m=1.5m-2n
because the PHASE AVBIGUOUS

21,

POLAR <--> RECTANGULAR

« Relate (x,y) to ()

12 =2 +y?

0= Tan_l(%)

Most calculators do
Polar-Rectangular

X =rcosfd
y =rsiné

INeed a notation for POLAR FORM I
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Eulers FORMULA

anr
N

» Complex Exponential
— Real part is cosine
— Imaginary part is sine
— Magnitude is one

el? = cos@) + jsin@)

relf = rcos@) + jrsin(@)
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COMPLEX EXPONENTIAL

el = cosgt) + j sin(at)

* Interpret this as &otating Vector

0=t
Angle changes vs. time
(s

ex: w=20mrad/s
el? = cos@) + jsin(@)

Rotate<0.2mtin 0.01 secs
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Rotating phasors demo
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cos = REAL PART

Real Part of Euler’'s

cosgt) = De{ e/}

General Sinusoid X(t) = Acos(t + @)

SO Acos(ut + ¢) = Ol Ael (@19
= De Ae!?el™

REAL PART EXAMPLE

Acos(t + @) =0 e{Aej"’ej“’t}
Evaluate: X(t) _ D%—fﬂjejwt}

Answer:
X(t) = 0| (-3))e1}
= De{Se"j O'S”ej“’t}: 3cos(wt — 057)

COMPLEX AMPLITUDE

General Sinusoid

X(t) = Acos@t +¢) =0 e{@eme““}

Complex AMPLITUDE = X /

2(t) = Xeld X = Ael?
Then, any Sinusoid = REAL PART of Xei«
x(t) =0 e{Xej“*} =0 e{Ae”’e’“}




