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Example 1

Use one of the following trigonometric
identities to derive an expression for cos80 in
terms of cos90, cos76, and cos6.

Number Equation
1 sin® @ 4+ cos?d =1
2 c0s28 = cos* @ —sin? @
3 sin 26 = 2sin# cosf
4 sin(ee + B) = sinwcos f £ coswsin f
5 cos{e & ) = cosar cos F Fsina sin

Cos 98 = os(30 +8) = Cos T30 wsb —sin FEsinb
oo T = cos(36-6) = Cos B8O cosb t+ sinBE sinb

tos Jo + cos 1O = 2B ces 36

=5 we80 - o310 ten B
2 cos &

Example 2

+ In the following figure, it is possible to measure both a
positive and a negative value of t; and then calculate
the corresponding phase shifts.

Which phase shift is within the range -t <@ <n ?
Verify that the two phase shifts differ by 2x.

20

10
x(1) ¢
-10
=20

-0.02 0 0.02 0.04
Time ¢ (sec)

Fesitive £, is £, =0.005 sec
P=-w, t = _2,,(4,9)(0.005') = -2r(02)

Neja{-ive ty st =—0.025ec
p= —uyty = -2 (40)(-0.02)= 21 (e-8)

Differmce = 2m(0.8) —(-2r(0-0) = 2 v~
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P-4.1 Consider the cosine wave
x(t) = 10cos(880mt + ¢)

Suppose that we obtain a sequence of numbers by
sampling the waveform at equally spaced time instants
nT;. In this case, the resulting sequence would have
values

x[n] = x(nT;) = 10cos(880mnT, + ¢)
for —oo < n < oc. Suppose that 7, = 0.0001 sec.

(a) How many samples will be taken in one period of
the cosine wave?

(b) Now consider another waveform y(¢) such that
y(1) = 10 cos(wot + ¢)

Find a frequency wy > 8807 such that y(nT,) =
X(nT;) for all integers n.

@) x[n) = x(nT: )= 10 cos( 830wnT; +¢) T;=0.000!

30T, - §30x10% = 0,088 = Vias

To find +he number of samples within one period
of the Continvous cosine x(t), find the hirgeﬁ
W’Eﬁcr sahi{jfﬂj 930w T; <ar

< 2 _ _ 250 _ 3273
h= 0.08% 0

Theve are 23 samples in one Fzru‘ad, because samries
n=c,1,2,..22 are within ohe peried.
NoTE the period of x[n] fs not 23; i} is actvally 250

11
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(&) yi)= 10 s (wanTs +¢) ) i) we sobve: P-4.2 Let x(1) = 7sin(117t). In each of the following
To get the same samples froxim 4y ' parts, the discrete-time signal x[n] is obtained by
wnT; = 3%omal; +arkn A= n‘nkjtr sampling x(¢) at a rate f;, and the resultant x[n] can
be written as
= w = 50w - 2k 2r . 25000 )
. s T x[n] = Acos(@on + ¢)
Take K=1- _
W= 20,3907 For each part below, determine the values of A, ¢, and
(&) Find lc\v:j&sf I‘,H»%gr sa%.-sfjmj @. In addition, state whether or not the signal has been
( %DT) Tz ar over-sampled or under-sampled.
20, nls =
ne 2 hich s less thau Dne! (a) Sampling frequency is f; = 10 samples/sec.
2,088
. onlj e sample per period is faken (b) Sampling frequency is f; = 5 samples/sec.
(c) Sampling frequency is f; = 15 samples/sec.
9 10|
10
S (b)Y fi=5 sawples/sec
"= AN L
x()= Tsin(lhrt) Ao L xInl= Acos(Dy f-f) s
_ _ Han _
= Teos( vt W;.\ — K{H\ = K(nf)_' 7£N( l;; WA)
5. =", - Coﬁ(rgg_n%_)
G L= sa-w\rles/f,e( T E——
(Ol - A A7, B % oot
x () - x'l\‘_? lTh _ - ) )
pans = f Cos | = T
, ( o } () fo=g samples/fec
- Tees(v5z 2 = () o2 )
— _ ="
=7 cos(-‘l"g" vﬁ/,_)=7ms(-‘.'?m+%_), )
"FA_:;JZ,’J = 0. 7ﬂ.}ﬂ‘ A:'? Ay = 1§ 5.5 . = -1
N, SR O, =T ’ "‘J°‘E=2"'(TE\ S Gl ZY
1 12
12



P-4.3 Suppose that a discrete-time signal x[n] is given
by the formula

x[n] = 2.2¢c0s(0.37n — 7 /3)

and that it was obtained by sampling a continuous-
time signal x(f) = A cos(27 fyt + ¢) at a sampling rate
of f; = 6000 samples/sec. Determine three different
continuous-time  signals that could have produced
x[n]. All these continuous-time signals should have
a frequency less than 8 kHz. Write the mathematical
formula for all three.

O i X i
i et )

x[wl= 2.2ce8 (0:3mn—77)

Yy

arle - 0,31, . oWrIr, o o.3r -2w.
=

Selve’ _of . par = [, = 3;(&5): (000 x 0,15

i = oo Hz

-~
NeTE :

A1 Fhonace
(L

= X(F)= 2.2 cos (1Fo0nE W)

Thtans N
25%: Z3r = = \[’s(ﬂ_‘é)—_ 6900 vz

z

13 14
P-4.4 An amplitude-modulated (AM) cosine wave is
represented by the formula
—7 X [+)= 2.2 eos ((ar(tqen)t A x(1) = [10 + cos(27 (2000)1)] cos(2 (10*)7)
?:\.o.llj N (a) Sketch the two-sided spectrum of this signal. Be
‘ B sure to label important features of the plot.
Q"'{:‘ —Lhr = E= [3.‘("17_) = = 5100H 2.
* (b) Is this waveform periodic? If so, what is the period?
X {{') = 2.2 ces ( Zar(-s1ec)t "Tl:/%) (c) What relation must the sampling rate f; satisfy so
o that y(z) = x(¢) in Fig. 4-26?
— N = 2.2 C’_os( ar(siee)t + 5) y@) ) g
wo [ e, Lo g ] o
Converter Converter
15 Tf; = %} va = ‘:]’; 16
15 16
t , o B
@ xier=[10 f%ézw(mm}+%é,zw(mmt](%€,z~r w&+ %éﬁm]ﬂ t)
Theve are six terms:
xlby= Seja’rtl(}‘t +5épnrb‘t N Le}ir(mnult . LéJZN(IZDanf‘ (b) Yes +he waveform is pericdic. The six Fre,cbuwdes
L giamtmeert | :'.J.Mum,t * {-Il,boo, 16,000, -Zooe, 3000, 10008, 120004 ave all divisible
F< 7€ by 2o00Ha2. Therefore, fo=2000Hz is the fundamenta]
Spechrows plot was ereated in Matiag: freqoency. The pericd is YR = Yooo Sec = L msec
Spectrum for AM Modulation
6 . T T 5 @) The sa-m?'l:wtj rale most be 3rea+er Han fwice
é’d the hfj\mes*’ F"“E‘)e““"j in xler.
5, = £ > 2a(iz000) = 24,000 He
s
0.25 025 ‘ 025 025
Y42 a0 8 0 10 12
irequency (kHz)
17 18|
17 18
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P-4.5 Suppose that a discrete-time signal x[n] is given
by the formula

x[n] = 10cos(0.27n — 7 /7)

and that it was obtained by sampling a continuous-time
signal at a sampling rate of f; = 1000 samples/sec.

(a) Determine two different continuous-time signals
x1(¢) and x>(r) whose samples are equal to x[n];
i.e., find x; (1) and x,(¢) such that x[n] = x; (nT}) =
x(nT) if T; = 0.001. Both of these signals should
have a frequency less than 1000 Hz. Give a formula
for each signal.

(b) If x[n] is given by the equation above, what signal
will be reconstructed by an ideal D-to-C converter
operating at sampling rate of 2000 samples/sec?
That is, what is the output y(¢) in Fig. 4-26 if x[n]

@ Let xlt)= 10cos(wt +¢)
Saupling at a rate of & = xIvl= "ML:%,: "(”’5,)

- b n F,=1000
KM= wa{%hﬂf) o wh g :p%zu%,ﬁ?c?
F%ua}e tis to /? s = 2000

*(n) = 1D cos(o.2m=T) P=-7
A second possible signal is the Mfolded alias" at (-G)
fs-fo= fi-u2 -
Tn +his case, the phase () changes.
R(E)= [0 cos( an(f-RIE+ ) ‘
%[n] = 10 cos( JIr(&'h\"EH{:): IOCM(J'"‘:WL% +yp)
= |0cos(- m&;f Fy)= ,owﬁ(mm—w)i_

(Fa i3 still to0HE

{0p0 - 2287 _ 900 Hz
ar

== w=+JV:,

is as given above? 19 20,
19 20
. P-4.8 The spectrum diagram gives the frequency
(b) Reconstruckion of x(x] with fs= 2000 sampléyiec - content of a signal.
The &[Su\z{,ﬂ amd comtinvovs dowains are related
ot (a) Draw a sketch of the spectrum of
by: n .t ot ne="ts
£s . - i
So we rveplace Mt oin kW] with ot This is what x(t) = cos(507t) sin(7007¢)
o ideal D-fo-h wevld A:_' Label the frequencies and complex amplitudes of
Xxw)= 1D cos (0.2mn = 7 [,= 2000 each component.
) {_ _m — "t
XY= 10 ceos(0.am E{: :) (b) Determine the minimum sampling rate that can be
= 10 ees 4“:.i’r -"7) £-200 Hz used to sample x(t) without aliasing for any of the
we = gooT =2 o720 ’ components.
21 22
21 22
x (k1= cos (5owt) sin(700mt)
Y (- [Lﬁ_\gnvrt' Péjhawt>( ‘_C‘Jmn L C_J",’Dnnf) )
‘ - A ) (b) S g ]\‘.\ [ Sa Sdwm \ *‘ C
_ g _jwmort )'LSDHK -jeout , J?;aut ‘) 3 ™ ’ 7’ l\) & 4
=3 e rel e ¢ PR E
e 4 4 F s rate 3r<¢1¥e/\ Hhaw L‘(’w_ﬂ hHwes | Hea
e o i % n o
sAME s e Same as 4 I h:3M>¥ {—Tob .
\ W SR R =
%ca'VA ‘qeg'v’x | {{e’ ! MigresT HEQ — 35 Hz
\
[ ‘k | = { = 7sH
=375 -32¢5 'lc B s Fne o s = /SDHe.
sPearun (YR Siiesd
23 24
23
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P-4.9 The spectrum diagram gives the frequency
content of a signal.

(a) Draw a sketch of the spectrum of
x(t) = sin’ (4007 1)

Label the frequencies and complex amplitudes of
each component.

(b) Determine the minimum sampling rate that can be
used to sample x(r) without aliasing for any of its
components.

‘—-QJ'

52 3‘/»
8
T

—600

aliasing

1

) Draw a sketch of the spectrum of 2(t) which is “sine-cubed”  z(f)

X(+)= (-.,""a”
ZJ'

fe

sin*(4007t)

_jqo0mt \3
=g )

¢ £ jlaeort
1200w -5(:“”0“ 5 se,jl}arr _3) )
- W
2™ 3
K \ L
Le
Te
>
~200 200 boo fn'ﬁf‘ﬂ}

T L2
~te

TR

(b) Determine the minimum sampling rate that can be used to sample z(t) without any

“’; = 2‘”[6"

= [, = 1200H:

25
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