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HISTORY

« Jean Baptiste Joseph Fourier

— 1807 thesis (memoir)
« On the Propagation of Heat in Solid Bodies

o .
_ 1 —j(27K [Tyt — Heat !
a‘k T, _[ X(t)e dt — Napoleonic era
0
e ANALYSIS via Fourier Series
— For PERIODIC signals:  x(t+T;) = x(t)
— Spectrum from the Fourier Series

» Work with the Fourier Series Integral

«  http://www-groups.dcs.st-and.ac.uk/~history/Mathematicians/Fourier.html

SPECTRUM DIAGRAM

= |  Recall Complex Amplitude vs. Freq
B = 10 —

Joseph Fourier 5 20 o
lived from 1768 to 1830 N

Fourier studied the mathematical theory of heat i x| i

conduction. He established the partial d?;ferential equation X(t) : z { ak e | Z”fkt + ak e JZ”fkt }

governing heat diffusion and solved it by using infinite

series of trigonometric functions. k=1

Find out rmore of
hifp:terve-history mes st-andrews as. ukihistoryliviathematicians! Fo urier. him! 5
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Harmonic Signal

% .
X(t) — Zakej27rkfot
k=—c0

PERIOD/FREQUENCY of COMPLEX EXPONENTIAL:

27r(f0)=a)0:2—” or T,—+
TO 0

Fourier Series Synthesis

© -
X(t) _ ZakeJZﬂ'kat

k=—o0

1 _1 io
a =5 X, =7 Ae™™

L3

N
X(t) = Ay + Y A cos(2rkfot + g, )\
k=1

i COMPLEX
— P e—"" | AMPLITUDE
X = Ae’™

7 8
Harmonic Signal (3 Freqs) SYNTHESIS vs. ANALYSIS
* SYNTHESIS * ANALYSIS
| A & Easy Hard
as a — Given (@A, ¢4 create Given x(t), extract
4 _1| "l‘l 1 5 _ X(t) (@A h)
=50 -30 -10 0 10 30 50 f(in Hz) How many?
T Z O 1 .Hmnnl Cosine Waves \A'\-I]Y Harmonic I'm\lml\uc\- . SyntheSIS Can be HARD Need algorithm fOI’
- N Synthesize Speech so that it computer
sounds good
0 0, 04 0.6 08 § .] . 1 14 1.6 1.8
9 10
TRATEGY: Xx(t) 2> .
S G ®> a INTEGRAL Property of exp(j)
* ANALYSIS « INTEGRATE over ONE PERIOD
— Get representation from the signal T, T ) To
Works for PERIODIC Signals J-e_J(Z”/T")mtdt = ﬁeﬂ(z””"m
« Fourier Series 0 1°7 0
Answer is: an INTEGRAL over one period - _Tio(e‘jz”m -1
— j27zm
1 " —japkt K —j@riT)mt 2r
a, == | x(t)e dt [eriemmmgt— g Wy = =
U 0 m # 0 TO
11 12
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ORTHOGONALITY of exp(j)

» PRODUCT of exp(+j ) and exp(-j )

T

0

J‘ej(zn/T )=/ Tkt 4y _

0 k=/
1 k=/

J‘ej(zzz/T DRty
Toy

Isolate One FS Coefficient

2] -
Zake j(271T, )kt

k=—o0

T
Ix(t)e j@alT)tyy J( Y a6l ktJ i@ g
"

X(t) =

J‘ej(zmmkt J(Zﬂ/TD)(tdt]
® Integral is zero
except fork = ¢

T _
- J x(t)e 1T gt = Za [
0

=a =% I x(t)e 1Tk gt

13 14
SQUARE WAVE EXAMPLE
FS for a SQUARE WAVE {a,}
1 0<t<iT 10 -
X(t) = AL a == [x(t)e TGt (k=0)
0 IT,<t<T,
for T, =0.04 sec. a 1e iCrionkgy . 1 o j(2”,.04)“‘.02
0 k = 04 04(=j27k1.04) 0
—_— 1
; L _(eien gy 1CY
—.02 0 .01 .02 0.04 t (—j27k) j2nk
15 16
DC Coefficient: a, Fourier Coefficients a,
T . .
1 ¢ i)kt * a,is a function of k
& =— I X(t)e™ dt (k=0) — Complex Amplitude for k-th Harmonic
This one doesn’t depend on the period, T,
TO
_1 [ X(t)dt = = (Area) 1 kw143
TO 0 TO l—(—l)k J”k
a =— =< 0 k=x2,44,...
a —i'(jzlon—i(oz—O)—l e
©T 04y 04 2 3 k=0
17 18
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ourier Series Integral

. F
Spectrum from Fourier Series
» = 27/(0.08) = 27(25) ;T(J k=+1+3 « HOW do you determine a, from x(t) ?
a,=1 0 k=+2,+4 T (2T
- t
L k=0 a, = jx(t)eJ IToktg
] 0 Fundamenta | Frequency f,=1/T,
o | = y . a, =a, whenx(t)is real
; ; S e
o, x, ;I | f‘ i > ay = Ti _[ (t)dt (DC component)
=175 =75 =250 25 75 125 175 255 0
19 20
Example
s
X(t) =sin’(3xt)
Fourier Series & Spectrum /
x(t) = [ jejgm ( 3jjej3m (3J)e 13m+[ Jje jort
8 8 8
21 22
Example STRATEGY: x(t) = a,
A
X(t) =sin’(3xt)
9t 3j Vst (3 3t i 9nt * ANALYSIS
X()= ( )ej (T)ej (8 )e ] +( 8 Je J — Get representation from the signal
In this case, analysis — Works for PERIODIC Signals
peeneis |8y « Fourier Series
“;: :3, 5. & — Answer is: an INTEGRAL over one period
% q 3 S
o s - o
a - - & _ 1 japkt
f = = fe - j x(t)e It
-4.5 -1.5 1.5 4.5 T‘
Frequency in Hz 23 e
24

23
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FS: Rectified Sine Wave {a,}

FS: Rectified Sine Wave {a,}

o
17 _j
a == [ x()e 1 F Mt (k#+1)
Tog _j@riTy) k-t [To/2 _j@aimy) ket |To/2
Half-Wave Rectified Sine e’! 0 e’ 0
/ ‘ =- - —- -
::TSIH( 22 1) e I2r MM gy /\ M\ & JZTO(‘I(Z”/TO)(k—l))‘O i@
Rt —j@AIT)K-DTy/2 )_ 1 (7j(2;r/Tu)(k+1)T0/2_ )
/ e](z,[/TO)t _e —i@aiTt = 4x(k-1) (e 1 47 (k+1) e 1
:TL J' T TF 0 gri@alTkyge _ 1 (efj;r(k—l) ) ( —jr(k+) _ )
0 ~ 4x(k-1) 47!(k+1)
J‘e @A) DGy _ 1 J‘e J@r Tt gy 0 k odd
=5 _ (k+1f(kfl) )(_ (-1)* _1)_ +1l K=
TR o ~ \an(k?-) ) T4
i s o iy keven
B JzTn(—J(ZIr/Tn)(k—l))‘ JZTD(—J(ZH/TBXM))‘
0 0 25 26
25 26

Fourier Coefficients a,

* a,is a function of k
— Complex Amplitude for k-th Harmonic

— This one doesn’t depend on the period, T,

Fourier Series Synthesis

+ HOW do you APPROXIMATE x(t) ?

T, )
ak =_I:_]__0J.X(t)efj(27r/T0)ktdt

1
— k:il,i3,... ..
1- (~1)* jzk « Use FINITE number of coefficients
a.k ZTZ 0 k=i2,i4, N
ﬂ. 1 *
. 1 k=0 x(t) = Zakejz”" fot a, =a, Wwhenx(t)is real
1 =
27 28
Fourier Series Synthesis Synthesis: 1st & 3rd Harmonics
y(t) =1+ 2 cos(2r(25)t — 2) + 2 cos(2x(75)t - )
. 2 3
137 - j;;m” -\*3.!:, 0 fo 3o hn 7‘: 11) - \ﬁllf fHz) i _TJ
Ty = Period \lw‘dmm Hot N = Number of Cocfficients j i i L %‘ = -7 -t
i kfo) versus f on o 5 3.1] | S Lk 97
Fourier Analysis T Fourier Synthesis 1 - l = - I l. L
0 R .\ {ai} — ”W‘I o | i =175 =75 =25 0 25 75 125 175 225
ful h 5
29 30
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Synthesis: up to 7th Harmonic Fourier Synthesis ®

y(t) = L + gcos(507rt -2)+ isin(1507rt) + lsin(ZSO;zt) + isin( 3507t)
2 3z 5z n

Xy () = < + 2 sin( gt) + ~2-sin(3eogt) + ..
2 3

1
X & - Sum of DC, 13t and 3id Harmonics
i i , : : : . :
. —J . g
. . i = =5 il - of i i ; £
g J g . I = =1 2 T T e o o Tz
or, |77, St I | | ' 1% Sum of DC and 10t through 74 Harmardos
i - S v S . . % lm
S0
{ | | E U n 1 1

0.0z T.01 0.06 0.08 0.1 012

Sum of DC and 15t through 17th Hamonics

-0.04 -0.02 0.02
7 time in sec 31

31 32

Gibbs’ Phenomenon Fourier Series Demos

» Convergence at DISCONTINUITY of x(t) - Fourier Series Java Applet
— There is always an overshoot _ Greg Slabaugh
— 9% for the Square Wave case « Interactive

Sum of Ist through 17th Harlonics

http://users.ece.gatech.edu/mcclella/2025/Fsdemo_Slabaugh/fourier.html

1 i A Iy I
3
E}
= 0 .
E » MATLAB GUI: fseriesdemo

-1 A Al v A

0 0.02 0.04 0.06 0.08 http://users.ece.gatech.edu/mcclella/matlabGUls/index.html
Time f (sec)
33
33 34

Copyright 2000 N. AYDIN. All rights
reserved.


http://users.ece.gatech.edu/mcclella/2025/Fsdemo_Slabaugh/fourier.html
http://users.ece.gatech.edu/mcclella/matlabGUIs/index.html

	Slide 1: Digital Signal Processing
	Slide 2
	Slide 3
	Slide 4: HISTORY
	Slide 5
	Slide 6: SPECTRUM DIAGRAM
	Slide 7: Harmonic Signal
	Slide 8: Fourier Series Synthesis
	Slide 9: Harmonic Signal (3 Freqs)
	Slide 10: SYNTHESIS vs. ANALYSIS
	Slide 11: STRATEGY:  x(t)   ak
	Slide 12: INTEGRAL Property of exp(j)
	Slide 13: ORTHOGONALITY of exp(j)
	Slide 14: Isolate One FS Coefficient
	Slide 15: SQUARE WAVE EXAMPLE
	Slide 16: FS for a SQUARE WAVE   {ak}
	Slide 17: DC Coefficient:  a0
	Slide 18: Fourier Coefficients  ak
	Slide 19: Spectrum from Fourier Series
	Slide 20: Fourier Series Integral
	Slide 21
	Slide 22: Example
	Slide 23: Example
	Slide 24: STRATEGY:  x(t)   ak
	Slide 25: FS: Rectified Sine Wave   {ak}
	Slide 26: FS: Rectified Sine Wave   {ak}
	Slide 27: Fourier Coefficients  ak
	Slide 28: Fourier Series Synthesis
	Slide 29: Fourier Series Synthesis
	Slide 30: Synthesis: 1st & 3rd Harmonics
	Slide 31: Synthesis: up to 7th Harmonic
	Slide 32: Fourier Synthesis
	Slide 33: Gibbs’ Phenomenon
	Slide 34: Fourier Series Demos

