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First Order Circuits

RC and RL Circuits

First Order Circuits

Objectives of Lecture

Explain the operation of a RC circuit in dc circuits

— As the capacitor stores energy when voltage is first
applied to the circuit or the voltage applied across the
capacitor is increased during the circuit operation.

— As the capacitor releases energy when voltage is
removed from the circuit or the voltage applied across
the capacitor is decreased during the circuit operation.

+ Explain the operation of a RL circuit in dc circuit

— As the inductor stores energy when current begins to
flow in the circuit or the current flowing through the
inductor is increased during the circuit operation.

— As the inductor releases energy when current stops

flowing in the circuit or the current flowing through the
inductor is decreased during the circuit operation.

Natural Response

« The behavior of the circuit with no external
sources of excitation.
— There is stored energy in the capacitor or inductor
attime =0s.
— For t > 0's, the stored energy is released

« Current flows through the circuit and voltages exist
across components in the circuit as the stored energy is
released.

« The stored energy will decays to zero as time approaches

infinite, at which point the currents and voltages in the
circuit become zero.

RC Circuit

» Suppose there is some charge on a capacitor at
timet=0s.
This charge could have been stored because a
voltage or current source had been in the circuit at t
<0, but was switched off att=0s.

» We can use the equations relating voltage and
current to determine how the charge on the
capacitor is removed as a function of time.

The charge flows from one plate of the capacitor
through the resistor R to the other plate to

neutralize the charge on the opposite plate of the
capacitor.

Equations for RC Circuit
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Equations for RC Circuit The Key to Working with a Source-Free RC Circuit Is Finding:
R L .
R AN If V, =V,|,,, and z=RC + The initial voltage v(0) =V, across the capacitor.
e R — Can be obtained by inserting a d.c. source to the circuit
y g
c— {f ot for a time much longer than 7 (at least t = -5t) and then
Ve(t)=V.e © whent>0s removing it att=0.
« Capacitor
v, 4 — Open Circuit Voltage
1 no=-lm=7e P ?
= * The time constant 7.
2 a — In finding the time constant z=RC, R is often the
Since the voltages are equal and ~ Pr(®=Vele="2-¢ Thevenin equivalent resistance at the terminals of the
the currents have the opposite capacitor;
sign, the power that is dissipated ¢ ov? x « that is, we take out the capacitor C and find R = Ry, at its
by the resistor is the power that is () = j pe(t)dt =" |1-¢ terminals
being released by the capacitor. 0 ! 2
7
Time constant Equations for RL Circuits
» The natural response of a capacitive circuit refers to LdLJr RL. =0
- - - .- R ™
the behavior (in terms of voltages) of the circuit itself, dt
with no external sources of excitation.
— The natural response depends on the nature of the circuit di, Rl _
alone, with no external sources. dt L
« In fact, the circuit has a response only because of the energy initially 1d, R
stored in the capacitor. TW + I =
. . L
» The voltage response of the RC circuit
— Time constant, 7= RC - dl
. . L
« The time required for the —L=——dt
Vet voltage across the capacitor to dl, IL L
0368V, decay by a factor of 1/e or V= LI R
36.8% of its initial value. |n(| L)= ——t+In (| L“ 05)
- . I =Ve/R L -
9
Equations for RL Circuit The Key to Working with a Source-Free RL Circuit Is Finding:
. L L + The initial current i(0) = I, through the inductor.
R N If =1, and r=— . ) . -
YTt i : R — Can be obtained by inserting a d.c. source to the circuit
for a time much longer than 7 (at least t = -5t) and then
+ R t . . _
Vi I.@)=1.e" whents0s removing it att=0.
- * Inductor
. — Short Circuit Current
1 Va(® =V () =Rle © + The time constant .
" In finding the time constant 7= L/R, R is often the
Since the voltages are equal and Pa(t) =Vala =RI%e © Thevenin equivalent resistance at the terminals of the
the currents have the opposite inductor;
sign, the power that is dissipated ! L12 3 « that is, we take out the inductor L and find R = Ry, at its
by the resistor is the power that is  w(t) = J’ Pg ()dt = —2 {1 e } terminals
being released by the inductor. 0s
1




Time constant

» The natural response of an inductive circuit refers to
the behavior (in terms of currents) of the circuit itself,
with no external sources of excitation.

— The natural response depends on the nature of the circuit
alone, with no external sources.

« In fact, the circuit has a response only because of the energy initially
stored in the inductor.

+ The current response of the RL circuit

— — Time constant, z=L/R
\ « The time required for the
current in the inductor to decay

h by a factor of 1/e or 36.8% of
BN its initial value.

Singularity Functions

Singularity functions (also called switching
functions) are very useful in circuit analysis.
» They serve as good approximations to the
switching signals that arise in circuits with
switching operations.

+ They are helpful in the neat, compact
description of some circuit phenomena,
— especially the step response of RC or RL circuits
« Singularity functions are functions that either

are discontinuous or have discontinuous
derivatives.

Unit Step Function

» The unit step function (u(t)) is O for negative values of
tand 1 for positive values of t.

t e i

v

Unit Step Function

+ Voltage source of V,u(t) and its equivalent circuit.
t=0

o
—_— ()
o (2

Py
; +
Vou(t) (2)

o b ob

« Current source of 1,u(t) and its equivalent circuit.
t=0 _’» .

o a

17:1 a
Tou () (Jt/ — Iy <M
L:\ b b

Unit Impulse Function

» The derivative of the unit step function u(t) is
the unit impulse function (1))

(1) § (=)

] 0 (<0
8 = Suir) = 1 Undefined,  1=0
di

0, (>0 |
108(r)
SB(r +2) ‘
| L ' >
-z - [ 2 l& ]

—48(1—3)

X() = 58(t+2) + 108(t) - 48t-3)

Integration of Unit Functions

+ Toillustrate how the impulse function affects other
functions, let us evaluate the integral

rb
‘ fOd(t — ty)dt
“a

b rb
| st — tde = | fuaost — oy
“a “a
rb
= flto) ‘ 8(t — tp)dt = f(1y)

“a

+ This is a highly useful property of the impulse function
known as the sampling or sifting property.




Unit Ramp Function

w(A)dh = tu(r)

Relationships of singularity functions

* The three singularity functions (impulse, step,
and ramp) are related by differentiation as

du(t) _dr(1)
dt

= . 1 =

* or by integration as

rt ot

u(t)y = S(A)dA, r(f)y = u(X)dA
¢ I
= |e+ = —

Transient responses of RC and RL circuits RC Circuit
» AKA a forced response to an independent

source
. (;apagit.or and inductor store energy when lc = 0A when t<t, it R o

there Is: V=0V whent<t, -

— a transition in a unit step function source, u(t-to)
— avoltage or current source is switched into the
circuit.

L

Because I, = OA (replace it with an open circuit).

RC Circuit

« Find the final condition of the voltage across
the capacitor.
Replace C with an

+ open circuit and
Iq uftto) R ¢ F v determine the voltage
_ across the terminal.
L

lc=0Awhent~ows
Vec=Vg=1l;Rwhent~ws

RC Circuit

* In the time between t, and t = oo s, the capacitor stores
energy and currents flow through R and C.

Ve =V,

oV .
dt 4
v I1 u(t-to) R C T Ve
lg =%
R -
L

I+l —1,=0

V—C+C dve -1,=0
R dt

i
VC(I):Rl{l—e - } r=RC




RL Circuit

RL Circuit
+ Vr - « Initial condition is not important as the magnitude
AN of the voltage source in the circuit is equal to 0V
R + when t <t
1 Ii(t) vV - — Since the voltage
_ V1 u(t-to) \C Wy . source has only been
mofl 9., turned on at t = t,,
L J- v the circuit at t < t, is
L2 as shown on the left.
- » As the inductor has not stored any energy because no
power source has been connected to the circuit as of
yet, all voltages and currents are equal to zero.
RL Circuit Final Condition

» So, the final condition of the inductor current
needs to be calculated after the voltage source
has switched on.

— Replace L with a short circuit and calculate 1, ().

+ VR - + Vm

J_ W e V() =0V
Tw U ) =1,
N

s |R=%-

RL Circuit
=V, +V, +V, =0
I, =1,=V,/R
szLdL
dt

dl

d—tL+R|R—v1=o

d Ry Vg

d L L L

O =ph-et] R

Complete Response

« Is equal to the natural response of the circuit

plus the forced response
Use superposition to determine the final equations
for voltage across components and the currents
flowing through them.

« Typically, it is assumed that the currents and
voltages in a circuit have reached steady-state
once 5t have passed after a change has been
made to the value of a current or voltage source
in the circuit.




Example 01...

 Suppose there were two unit step function
sources in the circuit.

+
%‘9 ) I [1-u(t-t)] R C =W
Jf— .

...Example 01...

* The solution for VVc would be the result of
superposition where:
I, = 0A, I, is left on

« The solution is a forced response since I, turnson at t =
tl
I, = 0A, |, is left on

« The solution is a natural response since I, turns off at t =
tZ

...Example 01...

I ' +
Iu(t-t) R c L v
|
L

V. (t)=0V whent <t

()

VC(t):Rll{l—e RC } whent > t,

...Example 01...

I [1-u(t-L)] R C 4 v

hs +
V. (t)=-RIl, whent<t,

(tty)

V. (t)=—Rle ¢ whent>t,

...Example 01...
o |If tl <t2
V¢ (t)=0V —RI, vhent <t

()
RC }—RI2 whent, <t <t,

Vo (t) = Rll{l—e

) ()
Vc(t)le{l-e RC }—Rlze RC whent>t,

General Equations

» When a voltage or current source changes its
magnitude at t = Os in a simple RC or RL circuit.
Equations for a simple RC circuit
Vc (t) :Vc (OO) + [Vc (0) _Vc (Oo)]ei‘/r

c -t/

Ic(®) :7[\/(: () =V (0)]e
7=RC

— Equations for a simple RL circuit

L@ =1()+[1, )~ 1 (=)™
VO =E[1 (@) -1, OF

T
r=L/R




Example 02...

t =0
10uH t<0
V, =0V
v 1k Vp=5V
I, = Iy = 5mA

V() = 5V [1- u)]

...Example 02

t=0
t>0
10uH ©=L/R = 10mH/1kQ = 10 ns
1. = Ig =i(0)e¥== 5mA e-Uions
5V 1k Vg =1KkQ Iy =5V gtions

V, = L(dI,/dt) = -5V etons

Note Vg+V, =0V
V(t) =5V [1-u(t)] ROTL

Example 03... ...Example 03...
= t<2ms
t=2ms R2
R2
— e e
3k L ] L 2
v
N R1 R3 | Cf . R 3k - .
1k 12k ‘ 2uF 5V 1K 12k SuF
\
L 2 & & * ® L ]
V(t) =5V [1-u(t-2ms)]
...Example 03... ...Example 03...
* t<2ms t>2ms
C1 is an open.
« The voltage across the capacitor is equal to the voltage R2
across the 12k< resistor. .
3k
Ve = [12kQ) /15KQ] 5V = 4V R1 R3 c1 Req 1
Rz 1k 12K 2uF » 3k 2uF
L 3 L 3
. 3k +
R1 R3 . - .
WV 1k 12k Ve

22




...Example 03

Example 04...

t>2ms
= = = NG
1= Ry = 3kQ(2uF) = 6 ms Y
VC = VC(ZmS)e-(t-st)lr =4V e-(t-st)IGms pr—
Vo=V, 10mH
— R
I = C dV,/dt = 2uF(-4V/6ms) e-(t-2ms)/ems — o ax
=-1.33 e-(t-st)IGms mA
IR =- IC =1.33 e-(t-st)IGms mA
Note I+ 1, =0 mA i L
...Example 04... ...Example 04...
NG
SRS L Find the initial condiition. t < 0s
EE——A e A A ) T
10mH o |I:{> L Vv, =0V
R Vg=6V
= % 3 R S
= & 3k Therefore,
i L 4 L=2mA
...Example 04... ...Example 04
" 1)
; L u‘E> - t>0s
10 10mH t = L/R = 10mH/3kQ/ =
10mH R 3.33us
R 3 I = I =1e¥ = 2mA e (U333ks)
e = = -(1/3.33]
— 6V 3K Ve =3kQ Iz =6V e3.33ps)

.||_‘

1 Vi=Ldl/dt=-6V et335m9)

Note VR +V, =0V




