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Tutorials extensions for lecture 3

Rings, Fields, Groups

Includes full analysis :
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Objectives of this extended 

analysis

Engineering is interested in the behaviour of this 

finite state machine:

S
0
=

 α

α

…  S2 S1 S0

Si
Si+1

mod m* 

Si

Input =α, Initial state=α

What is the deterministic size n of this loop? 

That is the period of the element α (element’s order or period/sequence length)
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Problem 1: Elements of Z41 = GF(41)
1. Which additive orders are possible in GF(41)

2. How many invertible element under multiplication do exist in GF(41)  (number of units in GF(41) )?

3. Which multiplicative orders are possible in GF(41)

4. Compute the number of elements from each order

5. Compute the order of all elements in GF(41) using the primitive element 7

Solution 1:
1. Additive group  =  (0,1,2,  ...., 40) 

The smallest positive solution of the congruence ax = 0 (mod n) is called the additive order of  a modulo n

The possible additive orders in GF(41) are the divisors of order of the additive group,  namely  1, 41 
The additive order of element b in GF(41):

for  b ≠ 0   =>   order of b is 41

for  b = 0   =>   order of b is 1

2.       Number of invertible elements (units) is Euler function (41) = 41-1 = 40

3 .      The possible multiplicative orders in GF(41) are the divisors of (41)=40= 2.2.2.5 ,  namely  1, 2, 4, 5, 8, 10, 20,40

4.       Number of elements with order 1 is (1) = 1

Number of elements with order 2 is (2) = (2-1) = 1

Number of elements with order 4 is (4) = 4 (1-1/2) = 2

Number of elements with order 5 is (5) = (5-1)= 4

Number of elements with order 8 is (8) = (8) = (23)= 8 (1-1/2) = 4

Number of elements with order 10 is (10) = (2x5) = (2-1)(5-1) = 4

Number of elements with order 20 is (20) = (2x2x5) = 20(1-1/2)(1-1/5) = 8

Number of elements with order 40 is (40) = (2x2x2x5)= 40(1-1/2)(1-1/5) = 16
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Solution 1:

5.     Order of 7: 71 = 7  1,   72 = 8 1,  74 = 82 =23 1, 75 = 7x(23)=38  1, 78 = 232 =37 , 710 = 382 =9  1, 720 = 92 =40

=> order of 7 is 40,  7 is a primitive element, which can generate the whole group.

If the order of   is  k  then    Ord (i ) = k / gcd (i,k). 

By selecting i=40  we get  gcd(40,i)=40. Ord (7i ) = 40 / gcd (i,40)= 40/ 40= 1

=>  740 or   1 are 1 element having order 1

By selecting i=20  we get  gcd(40,i)=20. Ord (7i ) = 40 / gcd (i,40)= 40/ 20= 2

=>  720 or   40 are 1 element having order 2

By selecting i=10,30  we get  gcd(40,i)=10. . Ord (7i ) = 40 / gcd (i,40)= 40/ 10= 4

=>  710 , 730 or   9 ,  32 are 2 elements having order 4

By selecting i=8, 16, 24, 32  we get  gcd(40,i)=8 . Ord (7i ) = 40 / gcd (i,40)= 40/ 8= 5
=> 78, 716 , 724 , 732 or 37 , 16 , 18 , 10 are 4 elements having order 5

By selecting i= 5, 15, 25, 35  we get  gcd(40,i)=5. . Ord (7i ) = 40 / gcd (i,40)= 40/ 5= 8

=> 75,  715 , 725 , 735 or  38 , 14 , 3 , 27 are 4 elements having order 8

By selecting i=4, 12, 28, 36 we get  gcd(40,i)=4. . Ord (7i ) = 40 / gcd (i,40)= 40/ 4= 10

=> 74,  712 , 728 , 736 or   23 , 31 , 4 , 25 are 4 elements having order 10

By selecting i=2, 6, 14, 18, 22, 26, 34, 38 we get  gcd(40,i)=2. . Ord (7i ) = 40 / gcd (i,40)= 40/ 2= 20

=> 72,  76 , 714 , 718,  722 , 726 , 734, 738 or 8 , 20 , 2 , 5 ,  33 , 21 , 39 , 36 are 8 elements having order 20

By selecting i= 1, 3, 7, 9, 11, 13, 17, 19, 21, 23, 27, 29, 31, 33, 37, 39

we get  gcd(40,i)=1. . Ord (7i ) = 40 / gcd (i,40)= 40/ 1= 40

=> 71,  73 , 77 , 79, 711 , 713 , 717,  719 , 721 , 723,  727 , 729 , 731 , 733 , 737,  739 or 

7 , 15 , 17 , 13 , 22 , 12 , 30 , 35 , 34 , 26 , 24 , 28 , 19 , 29 , 11 , 6 are 16 elements having order 40
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i  7^(i) gcd(40,i) Ord(7^i)=40/gcd(40,i) i 7^(i) gcd(40,i) Ord(7^i)=40/gcd(40,i)

1 7 1 40 21 34 1 40

2 8 2 20 22 33 2 20

3 15 1 40 23 26 1 40

4 23 4 10 24 18 8 5

5 38 5 8 25 3 5 8

6 20 2 20 26 21 2 20

7 17 1 40 27 24 1 40

8 37 8 5 28 4 4 10

9 13 1 40 29 28 1 40

10 9 10 4 30 32 10 4

11 22 1 40 31 19 1 40

12 31 4 10 32 10 8 5

13 12 1 40 33 29 1 40

14 2 2 20 34 39 2 20

15 14 5 8 35 27 5 8

16 16 8 5 36 25 4 10

17 30 1 40 37 11 1 40

18 5 2 20 38 36 2 20

19 35 1 40 39 6 1 40

20 40 20 2 40 1 40 1

Multiplicative orders of all exponents of the primitive element a=7  in  the ring  Z56
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Solution 2:
1. Number of invertible elements (units) is Euler function (56) = (23 x7) =56(1-1/2)(1-1/7) = 24

The 24 units in Z56 are: u=1,3,5,9,11,13,15,17,19,23,25,27,29,31,33,37,39,41,43,45,47,51,53,55 (gcd (56,u)=1)
2. The possible orders in Z56 are the divisors of (56) = lcm [(23), (7)] =lcm (2,6)= 2x6/gcd(2,6)=6

=> the divisors of 6  are 1, 2, 3, 6

3. Order of 3: 31 = 3 1,   32 = 6 1, 33 = 27 1 => order of 3 is 6

Order of 5: 51 = 5 1,   52 = 25 1, 53 = 13 1                             => order of 5 is 6

Order of 9: 91 = 9 1,   92 = 25 1, 93 =25x9= 1                           => order of 9 is 3

Order of 11: 111 = 11 1,   112 = 9 1, 113 = 9x11=43 1             => order of 11 is 6

Order of 13: 131 = 13 1,   132 = 1 => order of 13 is 2   

Order of 15: 151 = 15 1,   152 = 1                                             => order of 15 is 2                      

Order of 17: 171 = 17 1,  172 = 9  1, 173 = 17x9=41 1   => order of 17 is 6

Order of 19: 191 = 19 1,   192 = 25 1, 193 = 25x19=27 1        => order of 19 is 6

Order of 23: 231 = 23 1,   232 = 25 1, 233 =25x23= 151        => order of 23 is 6

Order of 25: 251 = 25 1,   252 = 9  1,  253 = 9x25= 1 => order of 25 is 3   

Order of 27: 271 = 27 1,   272 = 1 => order of 27 is 2                      

Order of 29: 291 = 29 1,   292 = 1 => order of 29 is 2

Order of 31: 311 = 31 1,   312 = 9 1, 313 = 9x31=55 1          => order of 31 is 6

Problem 2: Elements of the ring  Z56

1. How many invertible element under multiplication do exist in Z56 (number of units in Z56) ?

2. Which multiplicative orders are possible in Z*
56

3. Compute the order of the elements of  Z*
56

4. Compute the order of many non-unit  elements

Page :  8
bfolieq.drw

Technical University of Braunschweig

IDA: Institute of Computer and Network Engineering
 W. Adi 2011

Solution 2:

3. Order of 33: 331 = 33 1,   332 = 25 1, 333 = 25x33= 41 1 => order of 33 is 6

Order of 37: 371 = 37 1,   372 = 25 1, 373 = 25x37=29  1                 => order of 37 is 6

Order of 39: 391 = 39 1,   392 = 9 1, 393 = 9x39= 15  1 => order of 39 is 6

Order of 41: 411 = 41 1,   412 = 1                                                               => order of 41 is 2

Order of 43: 431 = 43 1,   432 = 1 => order of 43 is 2   

Order of 45: 451 = 45 1,   452 = 9 1,  453 = 9x45=13 1 => order of 45 is 6                     

Order of 47: 471 = 47 1,   472 = 25, 473 = 25x47=55 1 => order of 47 is 6                      

Order of 51: 511 = 51 1,   512 = 25 1, 513 = 25x51=43 1 => order of 51 is 6

Order of 53: 531 = 53 1,   532 = 9 , 533 = 9x53=29 1 => order of 53 is 6  

Order of 55: 551 = 55 1,   552 = 1                                         => order of 55 is 2                      

alternativ:
Order of 3: 31 = 3 1,   32 = 6 1, 33 = 27 1 =>   order of 3 is 6

If order =k, then ord (i ) = k iff  gcd(k,i) =1. 

By selecting i=1,5 we get  gcd(6,i)=1 => 31 35 or 3 ,19 having order 6  
Order of 5: 51 = 5 1,   52 = 25 1, 53 = 13 1   =>   order of 5 is 6

By selecting i=1,5 we get  gcd(6,i)=1.                                                             => 51 55 or 5 , 45 having order 6 

Order of 9: 91 = 9 1,   92 = 25 1, 93 = 25x9=1    =>   order of 9 is 3

By selecting i=1,2 we get  gcd(3,i)=1.                                                            => 91 92 or 9 , 25 having order 3

Order of 11: 111 = 11 1,   112 = 9 1, 113 = 9x11=43 1 =>   order of 11 is 6

By selecting i=1,5 we get  gcd(6,i)=1.                                                         => 111 115 or 11 , 51 having order 6 

Etc …..
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n n^1 n^2 n^3 n^6 Ord(n)

1 1 1

3 3 9 27 1 6

5 5 25 13 1 6

9 9 25 1 3

11 11 9 43 1 6

13 13 1 2

15 15 1 2

17 17 9 41 1 6

19 19 25 27 1 6

23 23 25 15 1 6

25 25 9 1 3

27 27 1 2

29 29 1 2

31 31 9 55 1 6

33 33 25 41 1 6

37 37 25 29 1 6

39 39 9 15 1 6

41 41 1 2

43 43 1 2

45 45 9 13 1 6

47 47 25 55 1 6

51 51 25 43 1 6

53 53 9 29 1 6

55 55 1 2

Multiplicative orders of all units in  the ring  Z56
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Cycle structure of the exponents of 2:

2  4  8    16 

32

Solution 2:

4.    Cycle structures of non-units

Element 2 is not invertible.    Exponents  of 2: 21 =2,  22 = 4, 23 = 8,  24 = 16, 25 = 32,

26 = 8, 27 = 16,  28 = 32, 

29 = 8, 210 = 16, 211 = 32

……

254 = 8, 255= 16

Notice: order  2 as a non unit is  by definition =  ∞

Cycle structure of the exponents of 4:

4  16    8

32

Element 4 is not invertible.    Exponents  of 4: 41 =4,  42 = 16, 43 = 8, 44 = 32,

45 = 16,  46 = 8, 47 = 32, 

48 = 16,  49 = 8, 410 = 32

……

453 = 16, 454= 8, 455= 32

Notice: order  4 as a non unit is  by definition =  ∞

The following table shows the cycle structure of all non-units in Z56

Notice: the involved cycles have a length which divides (56) = 6
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 48 49 50 51 52 53 54

n n^1 n^2 n^3 n^4 n^5 n^6 n^7 n^8 n^9 n^10 n^11 n^12 n^13 n^14   n^15~47 n^48 n^49 n^50n^51n^52 n^53 n^54

2 2 4 8 16 32 8 16 32 8 16 32  cycle structure 8 16 32 8 16 32 8

4 4 16 8 32 16 8 32 16 8 32  cycle structure 8 32 16 8 32 16 8

6 6 36 48 8 48 8 48 8  cycle structure 8 48 8 48 8 48 8

7 7 49 7 49 7 49  cycle structure 49 7 49 7 49 7 49

8 8 8 8  cycle structure 8 8 8 8 8 8 8

10 10 44 48 32 40 8 24 16 48 32 40 8 24 16  cycle structure 8 24 16 48 32 40 8

12 12 32 48 16 24 8 40 32 48 16 24 8 40 32  cycle structure 8 40 32 48 16 24 8

14 14 28 0 0 0  cycle structure 0 0 0 0 0 0 0

16 16 32 8 16 32 8  cycle structure 8 16 32 8 16 32 8

18 18 44 8 32 16 8 32 16 8 32 16  cycle structure 8 32 16 8 32 16 8

20 20 8 48 8 48 8 48  cycle structure 8 48 8 48 8 48 8

21 21 49 21 49 21 49  cycle structure 49 21 49 21 49 21 49

22 22 36 8 8 8  cycle structure 8 8 8 8 8 8 8

24 24 16 48 32 40 8 24 16 48 32 40 8 24  cycle structure 8 24 16 48 32 40 8

26 26 4 48 16 24 8 40 32 48 16 24 8 40 32  cycle structure 8 40 32 48 16 24 8

28 28 0 0 0 0  cycle structure 0 0 0 0 0 0 0

30 30 4 8 16 32 8 16 32 8 16 32  cycle structure 8 16 32 8 16 32 8

32 32 16 8 32 16 8 32 16 8  cycle structure 8 32 16 8 32 16 8

34 34 36 48 8 48 8 48 8  cycle structure 8 48 8 48 8 48 8

35 35 49 35 49 35 49  cycle structure 49 35 49 35 49 35 49

36 36 8 8 8  cycle structure 8 8 8 8 8 8 8

38 38 44 48 32 40 8 24 16 48 32 40 8 24 16  cycle structure 8 24 16 48 32 40 8

40 40 32 48 16 24 8 40 32 48 16 24 8 40 32  cycle structure 8 40 32 48 16 24 8

42 42 28 0 0 0 0  cycle structure 0 0 0 0 0 0 0

44 44 32 8 16 32 8 16 32 8 16  cycle structure 8 16 32 8 16 32 8

46 46 44 8 32 16 8 32 16 8 32 16  cycle structure 8 32 16 8 32 16 8

48 48 8 48 8 48 8  cycle structure 8 48 8 48 8 48 8

49 49 49 49  cycle structure 49 49 49 49 49 49 49

50 50 36 8 8 8  cycle structure 8 8 8 8 8 8 8

Cycle structure of all non-units in  the ring  Z56
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Solution 3:
1. Number of invertible elements (units) is Euler function (32) = (25) =32(1-1/2) = 16

The 16 units in Z32 are: u=1,3,5,7,9,11,13,15,17,19,21,23,25,27,29,31 (gcd (32,u)=1)
2. The possible orders in Z32 are the divisors of (32) =  (25)= 23=8

=> the divisors of 8 are 1, 2, 4, 8

3. Order of 3: 31 = 3 1, 32 = 9 1, 34 = 92 =17 1 => order of 3 is 8

Order of 5: 51 = 5 1, 52 = 25 1, 54 = 252 =17 1 => order of 5 is 8

Order of 7: 71 = 7 1, 72 = 17 1, 74 = 172 = 1 => order of 7 is 4

Order of 9: 91 = 9 1, 92 = 17 1, 94 =1 => order of 9 is 4

Order of 11: 111 =11 1, 112 = 25 1, 114 = 17 1          => order of 11 is 8

Order of 13: 131 =13 1, 132 = 9 1, 134 = 17 1                   => order of 13 is 8

Order of 15: 151 = 15 1, 152 = 1 => order of 15 is 2

Order of 17: 171 = 17 1, 172 = 1 => order of 17 is 2

Order of 19: 191 = 19 1, 192 = 9 1, 194 = 17 1            => order of 19 is 8

Order of 21: 211 = 21 1, 212 = 25 1, 214 = 17 1 => order of 21 is 8

Order of 23: 231 = 23 1, 232 = 17 1, 234 = 1 => order of 23 is 4

Order of 25: 251 = 25 1, 252 = 25 1, 254 = 1 => order of 25 is 4

Problem 3: Elements of the  ring  Z32

1. How many invertible element under multiplication do exist  in Z32 (number of units in Z32) ?

2. Which multiplicative orders are possible in Z*
32

3. Compute the order of the elements of  Z*
32

4. Compute the order of many non-unit  elements
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Solution 3:

3.     Order of 27: 271 = 27 1, 272 = 25 1, 274 = 17 1 => order of 27 is 8

Order of 29: 291 = 29 1, 292 = 9 1, 294 = 17 1 => order of 29 is 8

Order of 31: 311 = 31 1, 312 = 1 => order of 31 is 2

alternativ:

Order of 3: 31 = 3 1, 32 = 9 1, 34 = 92 =17 1      =>   order of 3 is 8

If order =k, then ord (i ) = k iff  gcd(k,i) =1. 

By selecting i=1,3,5,7 we get  gcd(8,i)=1, Ord (3i ) = 8 / gcd (i,8)= 8

=> 31 33 35 37 or 3, 27, 19, 11 having order 8

Order of 5: 51 = 5 1, 52 = 25 1, 54 = 252 =17 1     =>   order of 5 is 8

By selecting i=1,3,5,7 we get  gcd(8,i)=1.                                        

=> 51 53 55 57 or 5 , 29, 21, 13 having order 8 

Order of 7: 71 = 7 1, 72 = 17 1, 74 = 172 = 1     =>   order of 7 is 4

By selecting i=1,3 we get  gcd(4,i)=1.            

=> 71 73 or 9 , 23 having order 4

Order of 15: 151 = 15 1, 152 = 1   => order of 15 is 2
Etc …..
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n n^1 n^2 n^4 n^8 Ord(n)

1 1 1

3 3 9 17 1 8

5 5 25 17 1 8

7 7 17 1 4

9 9 17 1 4

11 11 25 17 1 8

13 13 9 17 1 8

15 15 1 2

17 17 1 2

19 19 9 17 1 8

21 21 25 17 1 8

23 23 17 1 4

25 25 17 1 4

27 27 25 17 1 8

29 29 9 17 1 8

31 31 1 2

Multiplicative orders of all units in the ring  Z32
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Solution 3:

4.   Element 2 is not invertible.    Exponents  of 2: 21 =2,  22 = 4, 23 = 8,  24 = 16, 25 = 0,  26 = 0, 27 = 0,  28 = 0, 

……

230 = 0, 231= 0

Notice: order  2 as a non unit is  by definition =  ∞

Element 4 is not invertible.    Exponents  of 4: 41 =4,  42 = 16, 43 = 0, 44 = 0, 45 = 0,  46 = 0, 47 = 0,  48 = 0, 

……

430 = 0, 431= 0

Notice: order  4 as a non unit is  by definition =  ∞

Element 30 is not invertible.    Exponents  of 30: 301 =30,  302 = 4, 303 = 24, 304 = 16, 305 = 0,  306 = 0, 307 = 0, 

……

3030 = 0, 3031= 0 

Notice: order  30 as a non unit is  by definition =  ∞
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1 2 3 4 5 6 7 8 9 10 11 12 13 15 16-31

n n^1 n^2 n^3 n^4 n^5 n^6 n^7 n^8 n^9 n^10n^11n^12 n^13 n^15 n^16-n^31

2 2 4 8 16 0 0 0 0 0 0 0 0 0 0 0

4 4 16 0 0 0 0 0 0 0 0 0 0 0 0 0

6 6 4 24 16 0 0 0 0 0 0 0 0 0 0 0

8 8 0 0 0 0 0 0 0 0 0 0 0 0 0 0

10 10 4 8 16 0 0 0 0 0 0 0 0 0 0 0

12 12 16 0 0 0 0 0 0 0 0 0 0 0 0 0

14 14 4 24 16 0 0 0 0 0 0 0 0 0 0 0

16 16 0 0 0 0 0 0 0 0 0 0 0 0 0 0

18 18 4 8 16 0 0 0 0 0 0 0 0 0 0 0

20 20 16 0 0 0 0 0 0 0 0 0 0 0 0 0

22 22 4 24 16 0 0 0 0 0 0 0 0 0 0 0

24 24 0 0 0 0 0 0 0 0 0 0 0 0 0 0

26 26 4 8 16 0 0 0 0 0 0 0 0 0 0 0

28 28 16 0 0 0 0 0 0 0 0 0 0 0 0 0

30 30 4 24 16 0 0 0 0 0 0 0 0 0 0 0

Cycle structure of all non-units in the ring  Z32
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Problem 4: Elements of Zn  Where n is not a prime and n=2t +1 or n=2t -1  for several

values of t.

1. How many invertible element under multiplication do exist  in Zn (number of units in Zn) ?

2. Which multiplicative orders are possible in Z*
n

3. Compute the order of the elements of  Z*
n

4. Compute the order of many non-unit  elements

Solution 4:

For t=5, n = 2t +1 = 33
1. Number of invertible elements (units) is Euler function (33) = (3x11) = 2x10 = 20

2. The 20 units in Z33 are: u=1,2,4,5,7,8,10,13,14,16,17,19,20,23,25,26,28,29,31,32 (gcd (33,u)=1)

The possible multiplicative orders in Z*
33 are the divisors of (33)= lcm [(3), (11)]= lcm(2,10)=10

namely  1, 2, 5, 10

3.       Order of 2: 21 = 2 1, 22 = 4 1, 25 = 32 1 => order of 2 is 10

Order of 4: 41 = 4 1, 42 = 16 1, 45 = 1 => order of 4 is 5

Order of 5: 51 = 5 1, 52 = 25 1, 55 = 23 1 => order of 5 is 10

Order of 7: 71 = 7 1, 72 = 16 1, 75 =10 1 => order of 7 is 10

Order of 8: 81 = 8 1, 82 = 31 1, 85 = 321            => order of 8 is 10

Order of 10: 101 = 10 1, 102 = 1 => order of 10 is 2

Order of 13: 131 = 13 1, 132 = 4 1 , 135 = 101 => order of 13 is 10

Order of 14: 141 = 14 1, 142 = 31 1, 145 = 231 => order of 14 is 10

Order of 16: 161 = 16 1, 162 = 25 1, 165 = 1 => order of 16 is 5
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Solution 4:
3.      Order of 17: 171 = 17 1, 172 = 25 1, 175 = 321 => order of 17 is 10

Order of 19: 191 = 19 1, 192 = 31 1, 195 = 10 1 => order of 19 is 10

Order of 20: 201 = 20 1, 202 = 4 1, 205 = 23 1, => order of 20 is 10

Order of 23: 231 = 23 1, 232 = 1 => order of 23 is 2

Order of 25: 251 = 25 1, 252 = 311, 255 = 1 => order of 25 is 5

Order of 26: 261 = 26 1, 262 = 161, 265 = 231 => order of 26 is 10

Order of 28: 281 = 28 1, 282 = 251, 285 = 101        => order of 28 is 10

Order of 29: 291 = 29 1, 292 = 161, 295 = 321 => order of 29 is 10

Order of 31: 311 = 31 1, 312 = 41, 315 = 1 => order of 31 is 5

Order of 32: 321 = 32 1, 322 = 1 => order of 32 is 2

4.
3 3 9 27 15 12 3 9 27 15 12

6 6 3 18 9 21 27 30 15 24 12 6 3 18 9 21 27 30 15 24 12

9 9 15 3 27 12 9 15 3 27 12

11 11 22 11 22

12 12 12

15 15 27 9 3 12 15 27 9 3 12

18 18 27 24 3 21 15 6 9 30 12 18 27 24 3 21 15 6 9 30 12

21 21 12 21 12

22 22 22

24 24 15 30 27 21 9 18 3 6 12 24 15 30 27 21 9 18 3 6 12

27 27 3 15 9 12 27 3 15 9 12

30 30 9 6 15 21 3 24 27 18 12 30 9 6 15 21 3 24 27 18 12

Cycle structure of all non-units in the ring  Z33
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Solution 4:

For t=4,n= n=2t -1=15
1. Number of invertible elements (units) is Euler function (15) = (3x5) = 2x4 = 8

2.      The 8 units in Z15 are: u=1,2,4,7,8,11,13,14 (gcd (15,u)=1)

The possible multiplicative orders in Z*
15 are the divisors of (15)= lcm [(3), (5)]= lcm(2,4)=4

namely  1, 2, 4

3. Order of 2: 21 = 2 1, 22 = 4 1 =>   order of 2 is 4

By selecting i=1,3 we get  gcd(4,i)=1                     => 21 23 or 2 ,8 having order 4  

Order of 4: 41 = 4 1, 42 = 1, => order of 4 is 2

Order of 7: 71 = 7 1, 72 = 4 1     =>   order of 7 is 4

By selecting i=1,3 we get  gcd(4,i)=1                        => 71 73 or 7 ,13 having order 4  

Order of 11: 111 =11 1, 112 = 1              => order of 11 is 2

Order of 14: 141 =14 1, 142 = 1                     => order of 14 is 2

4.      

1 2 3 4 5 6 7 8 9 10 11 12 13 14

n n^1 n^2 n^3 n^4 n^5 n^6 n^7 n^8 n^9 n^10 n^11 n^12 n^13 n^14

3 3 9 12 6 3 9 12 6 3 9 12 6 3 9

5 5 10 5 10 5 10 5 10 5 10 5 10 5 10

9 9 6 9 6 9 6 9 6 9 6 9 6 9 6

10 10 10 10 10 10 10 10 10 10 10 10 10 10 10

12 12 9 3 6 12 9 3 6 12 9 3 6 12 9

Cycle structure of all non-units in the ring  Z15
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Solution 2:
1. Number of invertible elements (units) is Euler function (113) =(113-1) = 112

The 112 units in Z113 are: u=1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17, …... 112 (gcd (113,u)=1)

2 .      The possible multiplicative orders in GF(113) are the divisors of  (113)=112= 2.2.2.2.7 ,  namely  1, 2, 4, 7, 8, 14,                                                     
16,28,56,112 

3. The number of primitive elements in a finite field GF(n) is (n - 1) =(112) = (24 x7) =112(1-1/2)(1-1/7) = 48

4. Order of 2: 21 = 2 1, 22 = 4 1, 24 = 16 1, 27 = 15 1,   28 = 30 1, 214 = 112 1 216= 109 1,   228 = 1                             

=> order of 2 is 28

Order of 3: 31 = 3 1, 32 = 9 1, 34 = 81 1, 37 = 40 1, 38 = 7 1, 314 = 18 1, 316 = 49 1, 328 = 98 1, 356 = 112 1

=> order of 3 is 112

Order of 4: 41 = 4 1, 42 = 16 1, 44 = 30 1, 47 = 112 1, 48 = 109 1, 414 = 1 1

=> order of 4 is 14

Order of 5: 51 = 5 1,   52 = 25 1, 54 =60 1, 57 = 42 1, 58 = 97 1, 514 =69 1, 516 = 30 1, 528 = 15 1, 556 =112 1

=> order of 5 is 112

Etc …

Problem 5: Elements of the ring  Z113

1. How many invertible element under multiplication do exist in Z113 (number of units in Z113) ?

2. Which multiplicative orders are possible in Z*
113

3. How many primitive elements under multiplication do exist in Z113

4. Compute the order of the elements of  Z*
113
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Multiplicative orders of all units in the ring  Z113

n n^1 n^2 n^4 n^7 n^8 n^14 n^16 n^28 n^56 n^112 Ord(n)

1 1 1 1 1 1 1 1 1 1

2 2 4 16 15 30 112 109 1 28

3 3 9 81 40 7 18 49 98 112 1 112

4 4 16 30 112 109 1 14

5 5 25 60 42 97 69 30 15 112 1 112

6 6 36 53 35 97 95 30 98 112 1 112

7 7 49 28 112 106 1 14

8 8 64 28 98 106 112 49 1 28

9 9 81 7 18 49 98 28 112 1 56

10 10 100 56 65 85 44 106 15 112 1 112

11 11 8 64 95 28 98 106 112 1 56

12 12 31 57 73 85 18 106 98 112 1 112

13 13 56 85 69 106 15 49 112 1 56

14 14 83 109 98 16 112 30 1 28

15 15 112 1 4

16 16 30 109 1 7

17 17 63 14 78 83 95 109 98 112 1 112

18 18 98 112 44 1 8

19 19 22 32 42 7 63 49 15 112 1 112

20 20 61 105 71 64 69 28 15 112 1 112

21 21 102 8 73 64 18 28 98 112 1 112

22 22 32 7 69 49 15 28 112 1 56

23 23 77 53 73 97 18 30 98 112 1 112

24 24 11 8 78 64 95 28 98 112 1 112

25 25 60 97 69 30 15 109 112 1 56

26 26 111 4 18 16 98 30 112 1 56

27 27 51 2 42 4 69 16 15 112 1 112

28 28 106 49 1 7

29 29 50 14 73 83 18 109 98 112 1 112

30 30 109 16 1 7

     ......

108 108 25 60 71 97 69 30 15 112 1 112

109 109 16 30 1

110 110 9 81 73 7 18 49 98 96 1 112

111 111 4 16 98 30 112 109 1 28

112 112 1 2


