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Digital Signal Processing

Some basics:
Sinusoids

What's a signal

« A signalcan be defined as
— a pattern of variations of a physical quantity that
can be manipulated, stored, or transmitted by
physical process.
— an information variable represented by physical
quantity.

« For digital systems, the variable takes on discrete valugs.

* In the mathematical sense it iSanctionof
time, x(1), that carries an information.
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SPEECH EXAMPLE

* More complicated signal (BAT.WAYV) .
* Waveformx(t) is NOT a Sinusoid
e Theory will tell us

—X(t) is approximately a sum of sinusoids

— FOURIER ANALYSIS

 Breakx(t) into its sinusoidal components
— Called the FREQUENCY SPECTRUM

Speech Signal: BAT

Nearly Periodic in Vowel Region
— Period is (Approximately) T = 0.0065 sec

Speech: BAT

0.28 0.285 0.29 0.295

time (sec)




One-dimensional continuous-time signall

Speech: BAT

0.28 0.295

85 o.
time (sec)

« This speech signal is an example of one-
dimensionatontinuous-time signal

¢ Can be represented mathematically as a function of
single independent variabld.(

Two-dimensional stationary signal

* This is a two dimensional

signal (an image)

A spatial pattern not

varying in time

Represented

mathematically as a

function of two spatial

variables X,y)

* However, videos are time-
varying images that
involves three independent .,
variables £,y,1)

DIGITIZE the WAVEFORM

» x[n] is a SAMPLED SINUSOID
— A list of numbers stored in memory

« Sample at 11,025 samples per second
— Called the SAMPLING RATE of the A/D

— Time between samples is
* 1/11025 = 90.7 microsec

* Output via D/A hardware (atf,)

STORING DIGITAL SOUND

X[n] is a SAMPLED SINUSOID
— A list of numbers stored in memory

CD rate is 44,100 samples per second
16-bit samples

 Stereo uses 2 channels

Number of bytes for 1 minute is

— 2 X (16/8) x 60 x 44100 = 10.584 Mbytes

SINE and COSINE functions

sing = 2
.

= y=rsinf

cosh =

N=

= x =rcosf
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SINES and COSINES

» Always use the COSINE FORM

Acos@n(440t +¢)

» Sine is a special case:

sin(awt) = cos(ut —"—27)




SINUSOIDAL SIGNAL

Acosit+g)
e [
« AMPLITUDE A

— Hertz (cycles/sec)
« PERIOD (in sec)

_I_2n
f w

— Magnitude

* PHASE @

T
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* Given the Formula

* Make a plot

EXAMPLE of SINUSOID

5cos(0.371t + 1.27)

Sinusoidal Waveform

.al -
Time (secs)

PLOT COSINE SIGNAL PLOTTING L('F)SEGUTXNAL from the
5cos0.3nt+127) 5cos(0.37t + 1.27)
« Formula defines Ap, andg + Determine period:
_ IT =2n/a =2n1031=20/3|
A=5 » Determine aeak location by solving
w=0.37 l(ct+¢)=0 = (037t +127)=0|
¢ =1.277 e Zero crossing is T/4 before or after
» Positive & Negative peaks spaced by T/2

PLOT the SINUSOID

5cos(0.31t +1.2n)

« Use T=20/3 and the peak location at t=-4

Sinusoidal Waveform
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TIME-SHIFT

 In a mathematical formula we can replace
with t-t

X(t—t,,) = Acos(u(t —t,))

e Then thet=0 point moves td=t,

» Peak value ofos(t-t,)) is now att=t,




TIME-SHIFTED SINUSOID

[x(t +4) =5cos(0.37(t +4)) = 5cos(0.37(t - (-4))|

Sinusoidal Waveform

-2 0
Time (secs)

PHASE <--> TIME-SHIFT

e Equate the formulas:

Acos(t —t,)) = Acos(t + @)

« and we obtain: -t = @

__¢
)

e or,
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TIME-SHIFT

« Whenever a signal can be expressed in the
form x,(t)=s(t-t,), we say thax,(t) is time
shifted version o§(t)

— If t; is a+ number, then the shift is to the right, and
we say that the signs(t) has beemlelayed in time.

— If t, is a- number, then the shift is to the left, and
we say that the signs(t) wasadvanced in time.

SINUSOID from a PLOT

e Measurethe period, T
— Between peaks or zero crossings

3 steps

— Computedrequency.w= 2T

* Measurdime of a peak:t
— Computephase: = -wt,
« Measureheight of positive peal&

(A, , @ froma PLOT

AW Awala
AVELVELVELV,

-0.01 0 0.01 0.02

— _00Bec — _1_ =21 = 21n =
= Tperiod — 100| > |a“_ T 001—20077'

[t, = -0.00125%ed = |4 = -ct,, = - (2007)t,, )= 0257|
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PHASE is AMBIGUOUS

» The cosine signal is periodic
— Period is &

[Acosgt + ¢ +27) = Acos(t + )|

— Thus adding any multiple offleavesx(t)
unchanged

\
 ty="0, then )

N O e
m, w w

N

=t,-T

g|




COMPLEX NUMBERS

» Tosolve: 2=-1

PLOT COMPLEX NUMBERS

- 7 :j g y
— Math and Physics use 7 = %
S +j5
. E :
« Complex number: z = X jry ; :
J<
y z Cartesian -5+j0 :
coordinate > RealAxie x
M system
25 _3 _j 3 4 _j3 26)
*kk F*kk
COMPLEX ADDITION = POLAR FORM
VECTOR Addition
y .
Z~2_ 2 +J5 DISPLACED i VeCtor FOI’m '
2 VERSION of 7 . —Length =1
N —Angle=0
’% ey Z 3=6 +j2 « Common Values cosf
g ~Lhasangleod
= X z3=7+2 “j has angle of 075
Real Axis (A . -1has angle oft
=@ 13)+.(2+ i5) -| has angle of 115
—4_i3 = (4 + 2) + ] (—3+ 5) also, angle ofj could be-0.5m=1.5m-21
=9 =6+j2 because the PHASE AMBIGUOUS

POLAR <--> RECTANGULAR

« Relate (x,y) to (8)

12 =2 +y?

6 =Tan 1(1)
X X =rCcosf

Most calculators do _ .

Polar-Rectangular y =r Slng

INeed a notation for POLAR FORM I

Euler's FORMULA

» Complex Exponential
— Real part is cosine
— Imaginary part is sine
— Magnitude is one

el? = cos@) + jsin©)

rel? = rcos@) + jrsin(@)




COMPLEX EXPONENTIAL

e'! = cosgt) + jsin(at)

« Interpret this as Rotating Vector
0=wt
Angle changes vs. time
ex:w=20ttrad/s
Rotate.2mtin 0.01 secs

el? = cos@) + jsin(@)
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cos = REAL PART

Real Part of Euler’s

cos(t) = Oef ey
[X(t) = Acos(t + ¢)|

Acos(ut + @) = O Ael (@)
= ef Ael?el“}

General Sinusoid

So

REAL PART EXAMPLE

Acos(ut + @) = De{Aej¢ej“’t}
Eval : ;

valuate X(t) =|:|4—3je]wt}
Answer:

x(t) = Oe{ (-3))elt}
=0 3e‘j0'5”ej“’t}: 3cos(ut — 0.577)
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COMPLEX AMPLITUDE

General Sinusoid
X(t) = Acosgut + @) = De{@e”’e"“‘}
Complex AMPLITUDE = X /

2(t) = Xe'“ X =Ae?
Then, any Sinusoid = REAL PART of Xeit
x(t) = e Xe'“ | = Dl Ae’el |

TRIG FUNCTIONS

%@ne

» Common Values Cos0
—sinkm) =0
—cos(0)=1
—cos(km) = 1 and cos((&-1) ™) = -1
—cos(k+0.5 M =0

» Circular Functions

Basic properties of the sine and cosine functions

Property Equation

Equivalence sinf = cos(® — w/2) or cos(#) = sin(d + m/2)

Periodicity cos(d 4+ 2mk) = cos@, when k is an integer

Evenness of cosine cos(—H) = cos#

Oddness of sine sin{—#) = —sinf

Zeros of sine sin{w k) = 0, when k is an integer

Ones of cosine cos(2mk) = | when £ iz an integer.

Minus ones of cosine | cos[2m(k 4+ £)] = —1, when k is an integer.




Some basic trigonometric identities

Number Equation
1 sin® 8 + cos28 = 1
2 cos 26 = cos? @ —sin” A
3 sin28 = 2sind cos @
4 sinfe & f) = sinecos § £ cosesin §
5 cos{e £ ) =cosacos § Fsinasin

Sampling and plotting sinusoids

¢ Plot the following function

[20cos(272 (40)t - 047)|

* Must evaluate(t) at a discrete set of times,
t,=nT,, wherenis an integer

[X(nT.) = 20cos@OMT, - 047)|

* T,is called sample spacing szmpling period
. or program.

SPECTRUM Representation

« Sinusoids wittDIFFERENT Frequencies
— SYNTHESIZE by Adding Sinusoids

X(t) = % A cos@rrfyt + ¢y )
k=1 1

* SPECTRUMRepresentation
— GraphicalForm show®IFFERENT Freqs

40|

FREQUENCY DIAGRAM

* Plot Complex Amplitude vs. Freq

10
jml3 7 —-jml3
—250 -100 0 100 250

41

Another FREQ. Diagram

Hee

Figure 3.18 Sheet-music notation is a time—frequency diagram.

Frequency is the vertical axis
jﬂ
N

Time is the horizontal axis

42|




MOTIVATION
« SynthesizeComplicatedSignals

— Musical Notes .
« Piano uses 3 strings for many notes
« Chords: play several notes simultaneously

— Human Speech .
« Vowels have dominant frequencies
« Application: computer generated speech

— Canall signals be generated this way?
* Sum of sinusoids?
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Fur Elise WAVEFORM

FurElise
Notes

0.15

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045
time (sec)
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Speech Signal: BAT

» NearlyPeriodic in Vowel Region
— Period is (Approximately) T = 0.0065 sec
Speech: BAT

0.28 0.285 0.29 0.295
time (sec)
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Euler's Formula Reversed

* Solve forcosine(or sine)
el = cost) + j sin(at)
e 1% = cosfat) + jsin(-awt)
e 1 = cos@ut) - jsin(at)
el + g7 = 2cos@t)

cos@r) =1 (el +e71¢)
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INVERSE Euler’'s Formula

 Solve forcosine(or sine)

cos@t) =3 (! +e714)

sin(at) :2—11.(ei‘"t —g 1
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SPECTRUM Interpretation

« Cosine = sum of 2 complex exponentials:

Acos(t) =4 e/J7t +he7l7
One has a positive frequency

The other has negative freq.
Amplitude of each is half as big

as|




NEGATIVE FREQUENCY

« Is negative frequency real?
« Doppler Radar provides an example

— Police radar measures speed by using the Dopple]
shift principle

— Let's assume 400H& > 60 mph
— +400Hzmeans towards the radar

— -400Hzmeans away (oppositbrection)
— Think of a train whistle
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SPECTRUM of SINE

» Sine = sum of 2 complex exponentials:

Asin(7t) :Z—AjeJ7t —Z—Aje"J7t

2 2

— Positive freg. has phase = 0.5
— Negative freq. has phase+8.5m

GRAPHICAL SPECTRUM

EXAMPLE of SINE
‘ Asin(7t) =1 AeT107eI™ + 1 pe 0'5”e‘17t‘

(% A) ej 05 aA)Ae_j 05
-7 0 7 w

| AMPLITUDE, PHASE & FREQUENCY are shown |

SPECTRUM ---> SINUSOID

e Add the spectrum components:

7ej7T/3 7e—]n/3
-250 -100 0 100 250
What is the formula for the signal  x(t)?

Gather (A,w,@) information

* Frequencies: ¢ Amplitude & Phase

— -250 Hz -4 2

— -100 Hz -7 +13

- 0Hz - 10 0

— 100 Hz -7 3

— 250 Hz -4 +172 ::I

Note the conjugate phase
DC is another name for zero-freq component
DC component always has @=0or 1t (for real X(t) )

Add Spectrum Components-1

« Frequencies: « Amplitude & Phase
— -250 Hz -4 w2

— -100 Hz -7 3
— OHz
— 100 Hz y

Fam 171135 27000t 4 70i7/35~ ] 27000

2177121 ZT@50L | 4= i7/2gm ] 21@50

54]



Add Spectrum Components-2

- jml3 7e7 ] /3 -
4e—171/2 | 4e]7T/2
—250 -100 0 00 250

X(t) =10+

Simplify Components

x(t) =10+
7~ 171130] 2700t | 70i7/35-] 2700
471261 2T@50t | g i7TI24 | 27250

Use Euler’'s Formulato get REAL sinusoids:

Acos@t +¢) =1 Ae”1Pelt + 1 pe7I0e7I!

56}

FINAL ANSWER

X(t) =10+14cos@n @00t —n/3)
+8cos@m(250)t + 717/2)

So, we get the general form:

X(t) = Ay + i A cos@rrfit + ¢y )
1

k=1

Summary: GENERAL FORM

N

X(t) = Ay + ) Accos@rrfyt +gy)

k=1

N .
X(t) = Xo + ZDe[xkelz”fk‘}
k=1

X, = Akem
0d 2 :%z+%zﬂ Frequency= f,
N _ .
X(t) = Xo + z{% Xkejzmkt +% XkDe—IZm‘kt}
k=1

Example: Synthetic Vowel

e Sum of 5 Frequency Components

fx (Hz) X Mag Phase (rad)
200 (771 + j12202) 12,226 1.508
400 (—8865 + j28048) 29,416 1.876
500 (48001 — j8995) 48,836 —0.185
1600 (1657 — j13520) 13,621 —1.449
1700 4723 + jO 4723 0

Table 3.1: Complex amplitudes for harmonic signal that approximates the vowel
sound “ah”.

59,

SPECTRUM of VOWEL

— Note: Spectrum has X5(exceptXyc)
— Conjugates in negative frequency

ly* 1
3% 5X2

ioix

-2000  -1500  -1000  -500 0 500 1000 1500 2000
Frequency f (Hz)

10



SPECTRUM of VOWEL (Polar Format)
Vowel: Magnitude Spectrum
25000 T
g [ S ERTTE F EEET T SR
E 3 3 | } | 0.5A,
= i T ooy [ !
ElLl L1 P
—2000 —1500 —1000 =500 0 500 1000 1500 2000
Vowel: Phase Angle Spectrum
x/2F S T T [ T
o 1l @
£ 0 s ¥
E 3 : 11 3 3 ]
—x/2 [ i A R R
=2000 -1500 —1000 =500 0 500 1000 1500 2000
Frequency / (Hz)

Vowel Waveform (sum of all 5 components)

x 10° x(1)

sl |

| \
W I

Amplitude
(=]

v iy vV | l

0 5 10 15 20 25 30 35
Time ¢ (msec)

Figure 3.11  Sum of all of the terms in (3.3.4). Note that the period is 10 msec,
which equals 1/f;.

Periodic Signals, Harmonics &
Time-Varying Sinusoids

Problem Solving Skills

¢ Math Formula ¢ Plot & Sketches
— St) versust

— Sum of Cosines
— Spectrum

— Amp, Freq, Phase ; E
* Recorded Signals * MATLAB

— Speech — Numerical

— Music — Computation

— No simple formula — Plotting list of
numbers

« Signals withHARMONIC Frequencies
— Add Sinusoids witt, = kf,

N
X(t) = Ay + Z'Ak cos@
k=1
FREQUENCY can change vs. TIME
Chirps: X(t) — COS@IZ)

Introduce Spectrogram Visualization ( specgr am m)

+dy)

SPECTRUM DIAGRAM

« Recall Complex Amplitude vs. Freq

10 —
3 X4 i7/3 2emin3 2 Xk =&
—250 —-100 0 100 250 IW‘
X(t) =10+14cos@n 00t —72/3)

+8cos@r 50t + 77/2)

11



SPECTRUM for PERIODIC ?

» NearlyPeriodicin the Vowel Region
— Period is (Approximately) T 8.0065sec

Speech: BAT

4 a

028 0.285 0.29 0.295
time (sec)

PERIODIC SIGNALS

* Repeat every secs

— Definition X(t) - X(t +T)

— Example:

X(t) = cos (3t)

— Speech can be “guasi-periodic’

T=2
2
=2 T=

w\:l

Period of Complex Exponential

x(t) = el
X(t + T) — X(t ) 9 |Definition: Period is T‘

Harmonic Signal Spectrum

Periodicsignalcanonly have: f, =kf,

N
X(t) = Ay + Y A cos@rikot + @)
k=1

i - i Px
= el¥T =17 = ol = 27k Xy = A€’
N . )
L R = Xo + D {3 X, 4 X1}
T (T “
Define FUNDAMENTAL FREQ Harmonic Signal (3 Fregs)
N
X(t) = A+ D A cos@rikit + 4,)
k=1
1‘ T ! 3rd =0 @
fk = ka ((Lb = 27Tf0) f _ 1 io 73—!0 -10 0 10 7T3|0 %slo 7(inHz)
=
To
What is the fundamental frequency? 10 H
f, = fundamentbFrequencylargest) e
T, = fundamentbPeriod(shortest)

12



Example

* Here’s another spectrum:

- jml3 77 /3 .
4e—171/2 4e171/2
—250 ~100 0 100 250

What is the fundamental frequency?

'100Hz ?| [50Hz ?]

IRRATIONAL SPECTRUM

1 T 1 (a)
_1 1
1 Bl il m
0

-50 30 ~10 “F (in Hz)

SPECIAL RELATIONSHIP

to geta PERIODIC SIGNAL || . ®
_ _1
3 3 1
0

S51_Jy
W f (in Hz)

1
51 |
—30v3 -20v/2 -

S

Harmonic Signal (3 Fregs)

Sum of Cosine Waves with Harmonic Frequencies

Time 7 (sec)

NON-Harmonic Signal

Sum of Cosine Waves with Nonharmonic Frequencies

Time 7 (sec)

NOT
PERIODIC e

FREQUENCY ANALYSIS

* Now, a much HARDER problem
« Given a recording of a song, have the

computer write the music

< Can a machine extract frequencies?

— Yes, if we COMPUTE the spectrum fxt)
« During short intervals

Time-Varying FREQUENCIES Diagram

Figure 3.18 Sheet-music notation is a time—frequency diagram.

Freqguency is the vertical axis
jﬂ
™
INEEL )
(Hele
e

Time is the horizontal axis
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SIMPLE TEST SIGNAL

e C-major SCALE: stepped frequencies
— Frequency is constant for each note

Frequencies of C-Major Scale

700
IDEAL
600
5 —
Z 500
g B
%’.400 A
2 G
300 E F
D
[¢
200
0 200 400 600 800 1000 1200 1400 1600

Time (msec) 79|

SPECTROGRAM

« SPECTROGRAM Tool

— MATLAB function isspecgram m

— SP-First hapl ot spec. m& spectgr. m
* ANALYSIS program

— Takes x(t) as input &

— Produces spectrum valueg X

— Breaks x(t) intdSHORT TIME SEGMENTS

* Then uses the FFT (Fast Fourier Transform

FREQUENCY (Hz)

SPECTROGRAM EXAMPLE

» Two Constant Frequencies: Beats
BEAT SIGNAL: FREQS =672 Hz and 648 Hz

AM Radio Signal

e Same as BEAT Notes

cos@n 60)t)sin(271 (L)t)| <«

00
700
BEATS: Fo = 660 Hz, Fm =12 Hz
600
500
400
012 014 016  0.18 0.2)
300 TIME (sec)
CENTER FREQ = 660 Hz, -
200 MODULATING FREQ = 12 Hz COS(Z? (660)'[ )SI n(2n (12)t)‘
100
0
0 0.05 0.1 0.15 0.2

TIME (sec) 81

1 (L 27660t 4 - 271660t 1 [Lj27ADt _ -] 2t
E(e te )2T (e e )

1 (ej META _ o 2167t _ ) 27648t | o7 ] 277(64&)
4j

‘%COS(ZT(GD)I -I) +1cos(2r (649t +g)‘

SPECTRUM of AM (Beat)

e 4 complex exponentials in AM:

102  1lginnl2
7€ i€

1piml2 1 aminl2
3€ 3€

—672 —648 0

648 672 f(in Hz)

What is the fundamental frequency?

648Hz?| [24Hz?|

STEPPED FREQUENCIES

e C-major SCALE: successive sinusoids
— Frequency is constant for each note

Frequencies of C-Major Scale

700

o IDEAL

500

400 A

Frequency (Hz)

300

C

0 200 400 600 800 1000 1200 1400 1600
Time (msec)

200

14



SPECTROGRAM of C-Scale

Sinusoids ONLY

H .
y PR
A ,

700 r| From SPECGRAM
ANALYSIS PROGRAM

600

500

400

Frequency (Hz)

300

200

200 400 600 800 1000 1200 1400
Time (msec)

-200 0

ARTIFACTS at Transitions

85,

Spectrogram of LAB SONG

Beethovens FIFTH  (Robby GRIFFIN)

Sinusoids ONLY ‘

Analysis Frame = 40ms L
ARTIFACTS at Transitions |

400} : -4 wrae
L

]lr .

F
TIME (sec)

Time-Varying Frequency

» Frequency can change. time
— Continuously, not stepped
 FREQUENCY MODULATION (FM)

X(t) = cos@nf.t+v(t))
|vorce |

¢ CHIRP SIGNALS -
— Linear Frequency Modulation (LFM)

New Signal: Linear FM

QUADRATIC

X(t) = Acos@t? + 27rf 4t + §)

 CalledChirp Signals (LFM)
— Quadratic phase

* Freq will change.INEARLY vs. time
— Example of Frequency Modulation (FM)
— Define “instantaneous frequency”

INSTANTANEOUS FREQ

 Definition
x(t) = Acosi(t))
Derivative
=>4 )= al//(t) of the “Angle”

* For Sinusoid:
X(t) = Acos@nfqt + @)
w(t) = 27fgt + ¢
= o (t) = (1) = 27

INSTANTANEOUS FREQ of the Chirp

e Chirp Signals have Quadratic phase
* Freq will changeLINEARLY vs. time

X(t) = Acos@t? + Bt + ¢)
Syt)=at’+pt+¢
= @(t) = qu(t) =201+

15



CHIRP SPECTROGRAM

1800 |

1600 BY CHIRP CENTERED 2k 830 Hz

CHIRP WAVEFORM

1600 BW CHIRP CENTERED at 990 Hz

WA AWAWAWAWAWAWIWAWIWINIY)
VYV VY VVVVYYYTY

el LA LA NAAAAAAAANDA AR
VYV VV VTV VYTV

el AAARARALAAALARAAARAAN AR
VUV VYTV

well A AAAANAAARAAALARLARAANNARA
AR A R

wl (AAAARAARAAARARARAARARAARA AN
R T A

0.01 002 0.03 004 005 006
TIME (sec)

OTHER CHIRPS

Y(t) can be anything:
X(t) = Acos@ cos(ft) + @)
= @ (t) = @) = —aBsin(B)

Y(t) could be speech or music:
— FM radio broadcast

SINE-WAVE FREQUENCY MODULATION
(FM)

SINE WaYE MODULATED GHIRP

FREQUENCY (Hz)

[ 04 0.6 08
TIME (sec)
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